Let > 0 be an arbitrary but fixed positive integer. We prove that almost all h-full number a satisfies the inequality u(a) h ≤ a < u(a) h+ , where u(a) denotes the kernel of a. As an application of this result, we obtain some information related with the ABC conjecture.
Introduction, Preliminary Notes and Main Results
A quadratfrei number or squarefree number is a product of distinct primes, that is, a number such that its prime factorization is of the form q 1 · · · q s where the q i (i = 1, . . . , s) are the distinct primes in the prime factorization. We also consider 1 as squarefree. Let Q(x) be the number of squarefree not exceeding x. It is well-known (see [1] ) these numbers have positive density 6 π 2 . That is,
The kernel of a positive integer n is the greatest squarefree that divides n and in this article will be denoted u(n). The sum of the positive divisors of a positive integer n will be denoted (as usual) σ(n). Let us consider the set of squarefree relatively prime to the squarefree fixed q 1 · · · q s . The number of these squarefree not exceeding x will be denoted Q q 1 ,...,qs (x). It is well-known (see [2] ) that
A number such that all primes in its prime factorization has multiplicity (exponent) greater than 1 is called squareful or powerful number. Let h be an arbitrary but fixed positive integer. A number is h-full if all the distinct primes in its prime factorization have multiplicity (or exponent) greater than or equal to h. That is, the number q
, where the q i (i = 1, . . . , r) are the distinct primes in its prime factorization. We shall denote a general h-full number n h . If h = 1 we obtain the positive integers. If h = 2 the numbers are called square-full.
Let A h (x) be the number of h-full numbers not exceeding x. We have the following lemma. Lemma 1.1 Let h be an arbitrary but fixed positive integer. The following asymptotic formula holds
where if n = 1 we put σ(u(1)) = 1
Proof. See [3] . The lemma is proved.
Lemma 1.2 Let s ≥ 1 an arbitrary but fixed integer. The following series converges.
where the sum run on all (s + 1)-full numbers q
Proof. Let a n be the n-th (s + 1)-full number and let A s+1 (x) be the number of (s + 1)-full numbers not exceeding x. We have (see Lemma 1.1)
where c 1 is a constant. Therefore if x = a n we obtain n = A s+1 (a n ) ∼ c 1 s+1 √ a n , that is, a n ∼ 
Proof. We give two proofs. First proof:
The lemma is proved.
In a previous article [4] we prove the following theorem.
Theorem 1.4 Let > 0 an arbitrary but fixed real number. Let C (x) the number of positive integers c not exceeding x such that
That is, the set of numbers c that satisfy inequality (4) has density 1. Now, we shall prove the following theorem. Theorem 1.5 Let > 0 an arbitrary but fixed real number. Let B h, (x) the number of h-full numbers c not exceeding x such that
That is, almost all h-full numbers c satisfy inequality (5).
Proof. Note that the inequality u(c) h ≤ c is trivial. From the definition of B h, (x) we also have the trivial inequality
Therefore (see Lemma 1.1)
Every h-full number of the form q h , where q is a squarefree satisfy inequality (5). The number of these h-full numbers not exceeding x is (see (1) )
The rest of h-full numbers are of the form q h q 
The inequality
h+ is equivalent to the inequality
and since the squarefree q → ∞ this inequality holds for all q except for a finite number n q 
Consequently, we have (see (9), (10) and (11))
Equations (12) and (8) give
since α can be arbitrarily small. Finally, equations (14) and Lemma 1.1 give equation (6). The theorem is proved.
The ABC conjecture establish that if a, b and c are positive and relatively prime integers which satisfy the equation a + b = c then for any > 0, with finitely many exceptions, we have that
Given > 0, Theorem 1.4 implies that almost for all c inequality
holds, independently of a and b. This fact was observed in [4] . Now, we establish some simple theorems related with the ABC conjecture and Theorem 1.5. In particular, these theorems imply that inequality (16) holds for more cases.
Proof. It is an immediate consequence of Theorem 1.5.
where the order is such that u(a) ≤ u(b), then
Proof. By Theorem 1.6 we have
since u(c) ≥ 2. The theorem is proved.
where the order is such that
Proof. We have (Theorem 1.6)
since u(a) ≥ 2. The theorem is proved. Theorem 1.9 If in Theorem 1.8 we have
Proof. We have
and
Proof. We have the inequality
That is, the inequality
The theorem is proved. Proof. If n is even there are n 2 sums whose sum is n. Namely,
sums whose sum is n. Namely,
From here, we obtain easily that A(N ) = Therefore, except a finite number of cases, all number is sum of two not squareful numbers.
Proof. It is an immediate consequence of that the not squareful numbers have density 1, since the squareful numbers have zero density. Besides, the summands in the sums take the values 1, 2, . . . , c − 1. The theorem is proved. That is, almost all sums a + b = c (c fixed) satisfy inequality (16).
Proof. It is an immediate consequence of Theorem 1.4 and Theorem 1.7. Besides, the summands in the sums take the values 1, 2, . . . , c − 1. The theorem is proved.
